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Abstract. The Baker-Campbell-Hausdorffformula is extendedto the class of Lie
superalgebrasandthenis usedto definea classofobjects, which arecalledLie su-
pergroups. Such Lie supergroupsturn out to beeither Liegroups(then the Jacobi
Z2 -identity is simultaneouslythe usualJacobiidentity) orsomesetsprovidedwith a
partially associativemultiplication. Thus theyaredifferent objectsfromsupergroups
in thesenseof Kostant,Berezinor A. Rogers.In particularno Grassmannalgebrais
usedin thepaperExamplesof

1) somematrix Liesuperaigebras,
2) certainsubalgebrasofthesuper-Poincaréalgebra
3) the specialLiesuperalgebrasD( 2,1,at) andtheir subalgebras

arepresented.
Furthermore,cocyclesoffunctionstaking valuesin the Lie supergroupsarede-

finedand theirpartiallyassociativemultiplicativerelationsareconsidered.Somefibre
bundles,whosetransition functionsdeterminesuchcocycles,aredistinguished.

0. INTRODUCTION

TheBaker-Carnpbell-Hausdorffformula,shortlytheBCH-formula,is oneof theprin-
cipal andmostearlydiscoveredrelationslinking thebasicconceptionsoflinearalgebra,

classicalanalysisandglobal geometry. It was derivedin a generalform by Bakerin

1903-1906[1, 2] and by Hausdorifin 1906 [11].Thiswas beforetheformulationof a
generaltheoryof Lie groupsand Lie algebras,in particularthe so-calledfundamental

Lie theoremstatingthe1-1 correspondencebetweenLie algebrasandconnected,simply
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connectedLie groups. It wastheBCH-formulawhich showeda directionof develop-

mentof this theory.

Many aspectsof theBCH-formula, both analytical and geometrical,remainunex-

plained.Let us observethat the powerseriesof Z — -f-, whichwasappliedby
l—e 2

Hausdorif, appearsalso in thestandarddefinition of theTodd class [121, so that it is

involvedin the indextheorem.This suggeststheexistenceof manynaturalrelationsbe-

tweencohomologiesof Lie groupsand coefficientsof seriesgivenby theBCH-formula.

Such coefficientshavebeenanalysedrecentlyby Kosteleckyct al [15], 1161, who have

consideredthecaseof Lie supergroupsin thesenseof BerezinandA. Rogers,i.e. Lie

groupsadmitting an additional Grassmarmstructure,see [4] and [19]. Let us note that

BerezinusedtheBCH-formula for Lie algebraswith a (irassmannstructureas early as

the late 70 ‘s. Howeverhis preprint hasbeendevelopedmore fully andtranslatedin

Englishmuchlater,see [3], p. 251.

In this papertheBCH-formula is usedin order to define exponentsof the Lie su-

peralgebras.We prove that if g is a Lie superalgebraand expg denotesits exponent

defined in this waythen expg may be either 10 a Lie groupor 2° a local analytic

non-associativegroupoidin which the left inverseof any elementis equal to the right

inverseor 30 alocal analyticnon-associativegroupoidadmittingdifferentleft andright

inversesof oneelement.The saidgroupoidsareassociative,however, in thc senseof

1- and 2-order terms.

The casesof 10,20 and 30 aredeterminedby simple algebraicrelationsin Lie

superalgebras.In particular,the first casecorrespondsto a classof Lie superalgebras

whoseZ2 -Jacobi identity, becomestheusualJacobiidentity. The suggestionthat the

Jacobiidentity is akeypoint for theBCH-formulamay be foundin theoriginal paperof

~Hausdorff[1l].

Among analytical problemsrelatedto the BCH-formula for Lie superalgebraswe

discusstheproblemof a compatibility of relevantserieswith the exponentialmap.

In the final part we apply the Lie supergroupshere consideredin a global gcornc-

try, usingthem asgeneralizedstructuralgroupsof somefibre bundles,whieh arecalled

superbundles.Thosesuperhundlesaredeterminedby cocyclesof transition functions

takingvaluesin Lie supergroups.For thosecocyclesapartial associativity is sufficient.

In mathematicalliteraturedevotedto supergeometrythe word <<Lie supergroup>>or

~<supergroup>usuallycorrespondseitherto asupergroupin thesenseof BerezinandA.

Rogersor to an objectdefined by Kostant[14], cf. also [31and [17]. If g = g0 J~g1

is a Lie superalgebrathen its supergroupin thesenseof Kostant is a sheafof Grass-

mannalgebrasoverthegroupmanifold expg togetherwith a distinguishedalgebraof

sectionsof this sheaf.The algebrain questionis definedby meansof the l-lopf algebra

methods.Forsucha structurecommutingdiagramscorrespondingto groupaxioms arc

well defined.
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A notionwhich seemsto be thepurposeof theseand relatedstudiesmay becalleda

globalLie supergroup.In this term the word <<global>> has its usualmeaning,the word
<<Lie>> reflectsan almosti-I correspondencebetweenLie superalgebrasand the above

mentioned Lie supergroups and the word <<super->>should refer to an objecthaving a
structuremorerich andmoregeneralbutsimilar to thestructureof agroup (the <<differ-

ence>>betweenLie supergroupsand Lie groupsshouldnotbe <<larger>>than the<<differ-
ence>>betweenLie superalgebrasandLie algebras).Thisa terminologyallowsusto say

that:
— Lie supergroupsof Kostantare <<global>> and<<Lie>> butnot <<super->>;
— Lie supergroupsof Berezinare<<global>> and<<super->>butnot <<Lie>>;

— Lie supergroupsof this paper are <<Lie>> and <<super->> but not <<global>>.

An effectiveconstructionof a global Lie supergroup would be a crowning and realy

superachievementin the domainrelatedto Lie superalgebras.

1. LIE SUPERALGEBRAS

DEFINITION. We call a Lie superalgebra(eventually simply algebra)a pair g = (g,
(.,.)), whereg = Bo ~g1 is Z2-gradedlinearspacerealorcomplex (Z 2 = ({0, 1 },

~)) and (,-) is a bilinear g-valuedform suchthat

(1) (x<,y,) = —(—l)
53(y,,;) Eg~

1, z, Eg1,y, Eg1

and the JacobiZ2-identity is satisfiedthat is

(2) (x~,(y3,z))— ((z~,y1),z)— (—l)
23(y,,(z<,z)) = 0.

U

Ifforall ~ Eg
1 itis (z1,y1) = 0 thengisaLiealgebraandaLiesuperalgebra

simultaneously. In this case we will call g a Z2 -graded Lie algebraif Bt ~ 0 and an

evenLiealgebraifg1 = 0.

The subalgebra Bo C g, which is an even Lie algebra, will be called the evenpart

of g.
A Z2 -graded Lie algebra, whose Z 2-graded vector space is the same as that of

Lie superalgebra g and whose bracket form is given by

(3) [z,ti] :=(r,y) —(x1,y1),

will be called theLiepart of g and denoted ~.
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Onecanquickly derivefrom(1) and(2) that

(x0,x0) = 0,
(4)

(x1,(x1,x1))=((z1,x1),z1)=0.

From now on only finite dimensionalLie superalgebras will be considered.
As a fundamentalexampleregard the linearLie superalgebrag = gl(p, q), whose

parts~ ,g1 consistof matricesof the type resp.

(5) {~~], [~~], a= ~ bqxq,C= Cpxq,d= dqxp

andwhosebracketof elementsz, E g., !i~•E g, is

(6) (z%,LJ)) := — (—l)
t~y

1x,.

The generalizedAdo theoremsaysthat eachrealor complexfinite dimensionalLie

superalgebrais isomorphicto a subalgebraof a linearLie superalgebragi(p, q), cf.

[13].

2. THE CLASSICAL BAKER-CAMPBELL-HAUSDORFF FORMULA

Let /i = (Ii, [, 1) be a Lie algebra,x, y ~ 11 and t be a realpositivenumber. Put

(7) C(tx,ty) :=

wherecoefficients c, are definedinductivelyas follows

(8) c1(x,y) =i+ 1.1,

(n+ l)c~1(z,y) := L [i_y,c~(z,y)]

(9) + a2m ~

m�t,2m<n k, k>,.,>O
kt+.•+k>m=fl

in which a2m aregiven by the following formula

2 4

l+~a2mz
2m ~
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sothat

a2m=(_1)m_i(~m), =(_1)m_1 (22)2m~~~m= 1,2,...

Recallthat Bm areBernoulli numbers.They are rational. The aboveseries(7) is

calledtheHausdorifseries.

This.definitionis closeto theoriginalformulaof Hausdorif[10], cf. [22]. However,
theseries(7) maybedefinedby meansof othersformulae.Among them mostpopular
isthefollowing directformula dueto Dynkin [8]:

C(z,y)

(10) := ‘V’ (—l)~ ‘S”~ 1 [z<’,y.”,... ,z”,y”]

~ <iJi.�

0 i
1 + + ...+ j.~ ~~!j~t

ip+Jp�

t

where

[x,[z,...[x, [y,...[y, [x,...,y, [z,...[x, [y,...,y] ...]

ii Ii ip

andone canassumethat:

(11) (i~ = 0 or 1) and (U~= 0) => (i~= 1)).

Thedirectformulaefor c
2 — c5 areasfollows

(12) c2(x,y) =

(13) c3(x,y) = j~_[x[x,Y]]

(14) c4(z,y) = —~-[x,[y,[x,y]}],

C5(X,y) = __~~öz,[x,[z,[x,y]]]1 —

(15) + ~-[y,[x,[x,[x,y]]]] —

+ -1-~[y,[~,[y,[z,y]]]] +
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Considerthe Lie algebrapolynomials P~(x,y)= ~p
1~r~~(x,y) of which ele-

i= t
ments~ aredefinedinductively

ru : = z, r21 := 1/, ri2 := [x,y],...

(16) f ~ ~
r1,~.t = ~ [y,rj_tnl ~>

tn’

The elementsr
1,,~ correspondto homogeneousfunctionsof n-th degree which are

determinedby suchformulaecomposedof x, y andsquarebracketswhosepart at the
endis ...x,y] ...]

it— 1
Fromnowon theelementsr1~ will be understoodnot in thesenseof corresponding

functionsof x, y on a Lie algebrabut they will be identifleld with the formulae in (16).
Suchanidentificationishelpful becausetheJacobiidentitymakessomeelementsof type

r1~ and identical in senseof functionsof z, y on eachLie algebra.In particular
wehave

[y, [z, [x,yJ]] [z, [y, [z,y]]],

[x,[y,[x,[x,y]]]I = [x,[z,[y,[x,y]1]],

= [y,[r,[y,[x,y]]]I,

Thesetsof elementsr,~which determinethe samefunctionof r, p as ~ on each

Lie algebrawill bedenotedby {r1~}.

Let usorderthesetof all elementsr<~ in the following way: Assignto r,n natural

numberswhose0-1 expansionsareequivalentto 0-1 sequencesassociatedto sequences

of variables x and y which successivelyoccurin r~ by the correspondencex
1, p —~ 0. Then ineachset {r1~} wecandistinguisha maximalelementi~.

Thereis theonly formula for the Hausdorffseriessuchthat the coefficients c~are

combinationsof themaximal elements~ It will becalled the standard formula for

the Hausdorifseries. Thecoefficients c2 — c5 in (12-15) arewritten accordingto this

formula.
The problemof a choiceof a particularformulafor theHausdorifseriesin Lie al-

gebratheory is rathermarginal. Howeverit turnsout to be essentialin a caseof Lie

superalgebras.
If theLie algebraI~ is nilpotent then theHausdorifseriesis a polynomialsothat it

is well defined for all x, p Ii In othercasesdomainsof the Hausdorff series should

be defined. Therefore consider a norm in /~andlet M � 1 be a number such that

(17) I[x,yJ~<MIxjIpl, z,pEf~.
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The domainwherethe series(7) with t = I is absolutelyconvergentcontainsthe
product B~x B’~of balls

(18) B1’~:=B (o~~) = e fi: x~<

Fortheproofsee[22],cf. also [5].
If l~is consideredas a subalgebraof the linearLie algebra gl(p) thenfor x, p

wehave

etxetv = e~tXt~,eX := f , x~,vi <

Thefollowing identities

(19) C(tx,—tx) = 0,

(20) C(C(tx,ty),tz) = C(tx,C(ty,tz)),x,y,zE B ~

reflect invertibility and associativityof the multiplication in any Lie group whoseLie

algebrais isomorphicto h.

3. THE BCH-FORMULA FOR LIE SUPERALGEBRAS

As a formal bracketseriesof x, p we understanda sum f(tz, ty) = ~ a,~(x, y)tn,
‘Pu

I.
whosecoefficientsan(z, y) = ~ ~ z, y) are linearcombinationsof elements

i= 1

~, b
21 := 1/, bi,n := (bj,p,bk,n._p),

where p= 1,...,n—l, i=~(j,k,p)

and ~ : N
3 —p IN is an injective function. The variablesz,p will be consideredas

elementsof a Lie superalgebrag= Bo $ B~andthen thebracketsof f will be treated
as thebracketsof g.

If for eachLie superalgebrag= Bo ~ g~the restrictionof f( x, y) to Bo is equal

to the Hausdorffserieson Bo (in thesenseof functionsof x, p on B~~)then f(~, y)
will be calledthesuperalgebraicHausdorfiseries.

Wewill dealusuallywithsuperalgebraicHausdorifserieswhoseinductiveprocedure

doesnotadmitelements(z,x),(y,y) and (bj,m,bj,n) with m,n> 1 and assumethat

suchseriesadmitas a low estimateofconvergencyradiusasimply generalizationof the
estimate (18) of convergency radius of the Hausdorifseries.Let us definetheseseries

explicitely
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DEFINITION. A superalgebraicHausdorffseriesf(tx, ty) is calledthe BCH-product if

BI. The elenients ~ which admit non-zero coefficients are defined inductively

b11 : = x,b21 =1/, b12 := [x,p], b22 :=

= [x, b,,j, b4~~~ : [ y, ~

= [b~~,x], b4<~3~~1:= 1b1~,y1.

B2. Let . I be a norm in aLie superalgebrag and M be a real numbersuchthat

(21) (~,p)I< M~x~y~for z,p Egand M ~ L

Thenseries~ a,~(x,p) is absolutelyconvergentfor z, p E B8, where

(22) BB:= Eg: zI <

.

For the BCH-products we will use notations

D(tx,tp) = D~(tx,tp) =

(23) n=t

=(~+p)t+{~(x,y)_l2~(V,z)}t2+...

BCH-products D112 correspondingto ~i = ~- will be called Jacobi products. A

relationbetweenthemand theJacobi identitywill bediscussedin thenext section.The
Jacobiproductswill bedenoted~ = ~ ~ Thenwe have

(J) 1 1 1
d2 = ~-(z,p) — ~-(y,z) =

If weput in theseriesdirectlydefinedby the recursiveformula (9) the roundbrackets
insteadof thesquareonesthen wedo notobtain any BCH-product.Thecoefficientsof

in the resultingsuperalgebraicHausdorffseriesis

~(x,x) + ~(x,p) — ~(p,z) — ~(p,y).

Thefollowing seriesareexamplesof BCH-products.



ON LIE SUPERGROUPS AND SUPERBUNDLES DEFINED 603

a) ThestandardBCH-products D(8). It maybeobtainedby <<rounding>>all square

bracketsin the standardformulafor theHausdorifseriesfrom theprevioussection.The
expansionof ~ up to t

3 looks as follows

D~°~(tz,ty) = ~d~8)(x,y)tn = {z+ y}t+ ~~(z,y)t2

(24) wI

+ ~{(z,(z,y)) —(y,(x,y))}t3 +

Thebelow seriesareJacobiproducts.

b) Thebala.ncedBCH-product D~b) It maybeformedby replacingin thestandard
BCH-product (x,y) with ~(x, y) — f(y,z) everywheresothat

D~(tx,ty) = {x+p}t+ ~{(x,y) —(y,x)}t2+

(25) + ~ —(~,(y,x)) —(y,(x,y))

+(y,(y,x))}t3 +

Thisproductsatisfiesthe equalityof invertibility (19).
c) The trivial BCH-product D(t~. It is obtainedwhenreplacingof (a, b) with

~-(a, b) — ~-(b,a) is carriedout for eachpairof bracketsin the formula definingthe
standardBCH-product.Thusin particular

~d~~~(z,y) = (~(~~))—

(26) (p(xy)) + (y,(y,z)) — ((z,y),x) + ((p,~r),x)

+((x,y),y) —((y,x),y).

Let denote the Hausdorifseriesfor theLie part ~ of a Lie superalgebrag, cf. (3).

Onecanquickly checkthat

(27) D(tT)(tx,ty) = C~(tz~tv) for tx,ty E B~.

Thus thetrivial BCH-productmaybe interpretedas a superalgebraicformula for the
Hausdorifseriesin Z

2-gradedLie algebras.This factexplainsthename<<trivial>>.

d) TheDynkin BCH-product D~D) - It comesfrom Dynkin’s formula so that

D~(tz,ty) = {x+ p}t+ {(x,y) — (y,z)}t
2 +

(28) —2(x,(p,x)) + (p,(p,z)) —2(p,(z,p))}t3

+ ~{(y,(z,(y,z))) —(x,(p,(x,y)))}t4.
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Letus distinguish threeclassesof Lie superalgebrasfor which a considerablepart of

elementsof BCH-productsvanish.
I. ConsideraLie superalgebrag such that

(29) (g0,g0) = (g0,g1) = 0

sothatthebracketof g isasymmetricform. In this caseg will becalledaBCH-Abc/ian

Lie superalgebra.For algebrasof this type BCH-products D = are the sumof a

linearand a quadraticform of type

(30) D~(tz,ty)= (x÷p)t+(~—

2. Thenext classof Lie superalgebras is determinedby

(31) (g1,(g,g1))=0.

The Z2 -Jacobi identity is simultaneouslytheusualJacobiidentity if andonly if the

aboveequality is satisfiedbecausethen (p1 ,(x~, z)) = 0, cf. (2).
Le us recall theoriginal paperof Hausdorff[10], wherea generalalgebraicformu-

lation of the BCH-formulawas elaborated. In this paperonly anti-symmetricbracket

forms were considered.~evertheless,the authormadeof the Jacobiidentity the main
postulateand his commentmaybe interpretedin this way that from a viewpointof the

BCH-formulatheJacobiidentity is thefundamentalaxiom of Lie algebras.
Weproveassoonasthat if g satisfies(31) thenBCI-i-productsdeterminetheequality

of associativitylike (20) which is due to Lie algebrasand the classicalBCH-formula.
That is why if (31) is fulfilled wewill call g aBCH-Lie supera/gebra.

Let g be aBCH-Lie superalgcbra,D = D~bea BCH-productand ~ bea Jacobi

product.Thenwe have

(32) D(tz,ty) = O~tx,tp)+(~—~)(x1,p1)t2,

(33) D~~~(tz,ty)= D(t~(tx,ty) = C~(tz,t~),

cf. (30).
3. In this pointwedistinguishsuchLie superalgebrasthat

(34) (g0,(g1,g1)) = 0.

Thisconditionis equivalentto

(35) (x,(x,x)) =((x,x),z) =0 foreach IEg.

If theaboveconditionsaresatisfiedthen g will becalleda BCH-invertiblcLiesuper-

algebra. Sucha nameis a consequenceof the third point of the below theorem.More-

over, Lie superalgebraswhich are BCH-invertible and are not BCH-Lie superalgebras
will be calledweakBCH.
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ThEOREM.

1. Let D bea BCH-pmduct. Theidentity

(36) D(tx,ty) = D(ty,tx), x,y Eg

takes place if and only if g is a BCH-Abelian Lie superalgebra.
2. If g is a BCH-Lie superalgebraand D = ~ d,.,t~ is a BCH-product then for

ci (20)and(21),itis

(37) D(D(tx,ty),tz) = D(tx,D(ty,tz)).

II d2 ~ c4~or d3 ~ d~, ci (25), then theaboveequalityis satisfiedfor all x, y,z

E B (o~ln ifandonlyif g isa BCH-Liesuperaigebra.

3. JIg isa BCH-invcrtible Lie superalgebraand D isa BCH-product,then for each

z E g thereexists p E g suchthat

(38) D(x,y) = D(p,x) = 0.

If g is aLie superalgebraandfor each x E g thereexists p E g suchthat

(39) D~~~(x,y)= D~~~(y,x)= 0

then B ~SBCH-invertible.

In caseof D = ~ see(25), andof anyLie superalgebrag it ~

(40) D~(z,—x) D~(—x,x) = 0

foreachz E g.
Theproofis in [9].

Comments.(c) In the third point ~ and ~ determinethe extremecases. In

remainingcasesconditionsof BCH-invertibility arenon-trivial butmaybeweakerthan
that of ~ An exampleis given by D = D~, see(27), whenit is

y1=z1—z, p~.=z~=0for i=2,3,4

and P~= —z5 =

(cc) If D in (37)will be replacedby a Hausdorifseriesadmittingterms ~t(z, x)t
2

or A(p, p)t2 then therewill beusually notany identitybetween t2-order termsin L

and P.

Onecanexpectthat BCH-Lie superalgebrascorrespondto Lie groups and BCH-
invertibleLie superalgebrascorrespondto somelocally symmetricspaces.
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STATEMENT. 10 Let g be a BCH-Lie superalgebra,D be a BCH-productandput

x op := D(x, p), where z,p E .611. Thenthereexistsaunique connected,simply

connectedLie group C which is locally isomorphicto (BS,o). Such groupscorre-

spondingto different BCH-productsand isomorphicLie superalgebrasareisomorphic.

The group C is abelianif g is BCH-Abelian.
20 Let g bea BCH-invertibleLie superalgebra.Thenfor every z E .611 thereis

a curve c~C BB through 0 and x such that (ce, o) is a local I-parametergroup.

Proof 10 If g fulfils(31)thenthefollowinglimitsarewelldeflnedforeachx,p E .611.

(x+p) :=lirn (i~(I) ~
[xp] :=hrn (i~(~) .~(I)~ .1(ll))n2

andtheydetermineaLie algebra structure ~ at thespaceof g.
By a directcalculationonecancheckthat~and~ givenin (3) are isomorphic. Thus

in particularif g is BCH-Abelianthen~ is abelian.ThedesiredLie group is that which

is assignedto ~ accordingto thefundamentalLie theorem.

20 Let ustracealocal trajectory c~= {1~t}through 0 and anypoint ~r= +

‘~ E BB by the formula

(41) 1~t:= x
0t+ (~— ~)(~u ,z1)t

2 + ~t, x E [—1,11

where ~ and D = arcas in (23). Thenwe have

1~to 1~u= 1~(t+ u) + a
3(t,u)((z1 ,~r1),i0) + b3(t,u)(z0, (II, x1)) + .

Hence thereare two maincaseswhere (ci, o) is a local group: 10 g is BCH-

invertible, 2° D = D~. The first casedeterminestheprovingstatement. •

EXAMPLE. Let ~ E Bi be suchthat (x1 ,x~)~ 0. Then we can assignto ~I a

2-dimensionalBCH-abeliansubalgebra~ C g such that :=

{z~}. For y~=a~(z1,x1)+ b~z1,i= 1,2, wehave

(42)

The mapping a(x1 ,r2)+ bx1 —i (a— ~1#~LLb
2,b) isanisomorphism between gand

theadditivegroup or (U2
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REMARKS. (r)Thelocal trajectoriesc~(41)maybeconsideredasintegrallinesthrough
0 of <<invariantsuper-vectorfields>>. However,in thecasewhereg is notBCH-inverti-

ble the<<full integral>>of sucha field is a <<smearedline>>, moreexactlyit is a sequence
of fan-like surfacesgivenby

(43) 1
1t; 1~t1o 1~t2(1~t1o 11t2) o 1~t3, 11t1 o (1~t2o t~t3);

The dimensionof that surfacewhich correspondsto t1,... ,t,~ is < min(k,

dim~g).

The abovesequencesof surfacesmaybeconsideredas representativesof thecorre-

spondinginvariantsuper-vectorfields. Thus, in this approach,super-vectorfields are

objects of an intrinsic geometry.

A vectorcalculusbasedon theabovenotionof super-vectorfields would beanalter-
nativefor thestandardcalculusof supervectorsandsupertensorsdueto Kostant[14]. In

theirtheorysupervectorsaredefinedasoperatorsin Grassmansheavesovermanifolds
supportingsuchvectorsso thatthey areratherobjectsof anextrinsic geometry.

(n) We cangeneralizecoefficients dn in case n = 3,4,... assumingthem to

be g-forms on g x g of n-th degreewhich on g0 X Bo coincidewith the coefficients
;. Thenwecouldclaim for suchgeneralizedBCH-productsbetteralgebraicproperties,

e.g.associativityfora largerclassof Lie superalgebras. In this waywe candefinesuch

serieswhich are associativeup to 3rd degreesincein theequality of associativity for
n

3(n+ 1) p3(p+ 1)
coefficientsby t there is 2 — 2 vanablesmore than equations,
where n=dimg, p=dimg

0.

(rrr) RecallthattheHausdorifseriesadmitstheanalyticcontinuationfrom B B

on the product l~x Ii of eachLie algebra 11. Theproblemis whatis a class of BCH-

products admitting the analytic continuation from BB x BB on gx g foreachof some
Lie superalgebrag. Observethat if g satisfies

(g1,(g,(g,...,(g,g1)...)=O

then foreveryBCH-product D thereexistssuchacontinuationbecausethen D —

is apolynomial.

4. A DISCUSSION ABOUT LIE SUPERGROUPSDEFINED VIA THE BCH-
FORMULA

Ourintentionis to introduceasLie supergmupscorrespondingto Lie superalgebras
g certaingroupoids,i.e. pairs (S, *) in which S is a set and <<*>> is a two-elements

product,such that



608 i czyz

sI. Theproduct <<* ~ is determinedby a BCH-product.

s2. Theproduct <<*>> is well-definedfor eachpairof pointsbelongingto the image
of fiB by an exponent-likefunction.

s3. The analyticcontinuationof * >> in directionsat g~and at some special

subalgebrasof g like BCH-Abelianor BCH-onesmaybe done.

DEFINITION. Let g be a matrix Lie superalgebraand A C g, C C g xg denotesuch

setsthat

BBx B11c Cc Ax A.

Furthermore,D is a BCH-productadmittinganalyticcontinuation(possiblymultival-

ued) D from .BB x B11 on C such that

D(C) C A.

Thepair (~, *) is calledaLie-supergroup(in the senseof theBCH-formula)if g =

eA istheimageof the set A by e~°and << * x’ is amapfrom (e x e)(C) in ~ given
by

(44) eX * e~:= e’~’~, for (r, y~E C.

Accordingto algebraicterminology [6] the Lie supergroupsare somelocal (par-
tial) groupoidswith oneunit element.TheLie supergroupswhich correspondto BCH-
invertible Lie superalgebrasarelocal quasi-groups(i.e. left inverseelementsare equal
locally to right inverseones).In thecaseof BCH-Lie superalgebrasthe Lie supcrgroups

- becomeLie groups.
Lie supergroupsareisomorphicif thecorrespondinglocal groupoidsare isomorphic

and theisomorphismis an analyticalmap. An isomorphismbetweenLie supergroups
c and ç’ correspondingto Lie superalgebrasg and g’ rcsp. and to a commonBCH-

product D is determinedby ananalytical I-I map f : A —* A’ such that

I. (f(z),f(p)) E C’ if (‘,p) E C,
2. f(D(x,y))=D(f,(z),f(y)), (x,p)EC.

Let g be a BCH-Lie algebraand ~ be theLie partof g. Then themap

(45) f(i) := ~+

determines an isomorphism between Lie supergroups ~‘ and ~ corresponding to g
and~resp.andto D = D~°~ifthecorrespondingdomainsofc and ~ arecompatible

with f.
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In order to have more simple andeffectiverelations betweenLie superalgebrasand
Lie supergroupswedescribebelow in points a — e five particular cases and variants of

theabovedefinition.
a) Let usput in thedefinition

(46) D:=D~~~,A:=g, C:=Bgx B11.

The resultingLie supergroupswill be called the standard ones.
TheisomorphismbetweenstandardLie supergroupsQ~and g maybedetermined

only by suchanalyticmapsfrom g in g’ which satisfy f( fiB) = BB’. That is why

themap f givenby (45) does notdetermineanyisomorphismbetweenthestandardLie
supergroupscorrespondingto g and~.

Theproblemis whetherthecorrespondencebetweenLie superalgebras and standard
Lie supergroupsup to isomorphismsis 1-I ornot. In thespecialcasewhereonly linear

isomorphismsof standardLie supergroupsaretakeninto account(i.e. maps f arelinear)
theanalogouscorrespondenceis 1-1. This is aconsequenceof

z+ y ~D(tx,ty) ~ (x,y) = D~~~(tx,tp) I~=o-

ThedomainC = fiBxfiB in (46) isnotmaximal. Oneof its admissibleextensionsis

CUg0xg0. Inthecaseofacomplexsubalgebraofgl(p,q;(U) withunitmatrix I = I~
anextensionisgiven by translations of C along vectors (2 iriml, 2 irinl), m, n ~ Z,
because

eD+

2~nml+2hni?z1)=

In contrastto the caseof Lie algebrasthereis an inconsistenceybetween ex and

non-trivial BCH-products,which obstructtheenlargingof a domainof << * >> from
(e x e)(fiB x fiB) to (e x e)(g xg). In order to see it we put

I 1 2 [0 2ir 2 10 —2,rx =y =0, x =1 ,y =~
[—27r 0 L2~ 0

Onecancalculate

e~’2= eli’2 = e~~>(~ = 12,

but e~>~2y2)= e~’~21
2~I2.

Theaboveinconsistencybetween&° and D~~>doesnot takeplaceif all elementsof

g arenilpotentmatrices. This fact follows from the superalgebraic Engel theorem, see
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[13] anda simplematrix calculation.In this caseformula (44) is valid for A x A = C =

g X g so that the correspondingstandardLie supergroupsextendto groupoidsof type

(eB,*).
b) In the aboveexamplethe inconsistencybetweenex and D(8) takesplace forel-

ementsof theBCH-Abeliansubalgebraof gl( 1, 1) generatedby x2 and p2. However,

for Jacobiproducts~ andBCH-Lie superalgebrasf thereisno inconsistencyof this
type.This is sobecause~ on ~ is equalto the Hausdorff series corresponding to the
Lie partfoff, cf. (27). Thusthefollowing family of Lie supergroupsis well defined

(47) ~ U fxf
fE S(g)

wherefE S(g) iff f is a subalgebraof g and (J , (f,f

1)) = 0.

The Lie supergroupsdefinedin this item will be called the Jacobi-Lie supeigroups
(recallthatthesubalgebrasfE S(g) admitthe classicalJacobi identity).The set S(g)

will be calledthespectrumofBCH-subalgebrasolg.
Notethatal-dimensiorialsubalgebra{r} cgbelongsto 8(g) iff(x,r) = 0. If g

is BCH-invertiblethen each2-dimensionalnon-trivialandirreducibleLie superalgcbra

f c g is BCH-Abelianso that f E S(g~- In this casef admitsas generators~ and
(z,x), where (z,z)~0.

In contrastto the caseof standardLie supergroupsthecorrespondencebetweenLie

superalgebrasand Jacobi-Liesupergroupsup to linear isomorphismsis not one to one.
Anexampleof apairofnon-isomorphicLie superalgebrasadmittingthesameJacobi-Lie

supergroupcanbeseenin anyBCH-Lie superalgebrag and its Lie part ~.

In the generalcaseJacobi-Liesupergroupsare identicalup to a linear isomorphisni
if the following identities aresatisfied:

(48) d0(x,p)=d~(z,p), forall x,y~BBandn=2,3,4,5,

(then d~= d’ for nE IN).
Theequality d2 = d~impliesthedecompositionof (-,.)‘

(49) (x,y)’=(z,p)+/x1,p1/, where /x1,y1/—/y1,~/,

Theequalities d~= d~,,n E N, follow from thepairof identities

(50) (/gi,gi/,gi) = 0, /(g0,g1),g1/= 0.

I do not know anyminimal systemof equationsgeneratingin the generalcasethe

equalitiesd~= d~,.

We canexpectthattheaboveconditionsremainunalteredin thecaseof arbitrary iso-

morphicJacobi-Liesupergroupsbecauseanyisomorphismof suchsupergroupsinduces

linearisomorphisms of thecorrespondingBCH-subalgebras.
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In the caseof Lie superalgebrasconsistingof nilpotentmatricesJacobi-Liesuper-
groupsadmitextensionto whole spacese

11. I do notknow otherexamplesof suchex-

tensionswhen ~ isnot trivial on g.
c) Recallthat the partsof Jacobi-Liesupergroupswhich correspondto subalgcbras

fe S(g) arenot arbitraryconnectedLie groupshaving f asLie algebrasbut they are

Lie groupsof type e’. This restrictionmay be droppedif the definition of Jacobi-Lie
supergroupsis generalizedsothat eX in (44) is replacedby a function E(x) defined

on C~suchthat

Cl. E(z) = eX for x E fiR
C2. E(x)~~= expj(I), where exPf (-) is the exponential map from f in a Lie

group K suchthat f is theLie algebraof K

C3. E( x) is continuous.

Observethat C3 impliesacompatibilityof first homotopiesof Lie groupscorrespond-
ing to intersectingsubalgebrasf1,f2 E S(g) and theequality of first homotopicsof

Lie groupscorrespondingto elementsof eachcontinuousfamily f& E S(g) - This sug-

geststhat the topologyof the resulting generalizedJacobi-Lie supcrgroupsis closely

conilectedwith thegeometryof spectraof BCH-subalgebras.

It follows from this andthepreviousitem that the correspondencebetweenLie su-
peralgebrasand the generalizedJacobi-Lie supergroupsup to linear isomorphismsis
1-1 up to discreteAbeliannormalsubgroupsof expj fE S(g), andsymmetricforms

/x
1 , Yi/ admittingdecomposition(49) andequalities(48).
Thefollowing modifiedLie supcrgroupsaredeterminedby non-exponentialmapsof

Lie superalgebraswhich will replaceex and exponentialmapsin thedefinitionof Lie

supergroups.

d) Considerthesimplestcaseof sucha modificationwhen ex is replacedin (44)by

the identity function. Let D = D~be a non-trivial BCH-product with a parameter~t

definedin (23). Theresultingsupermultiplicationwill bedenotedby <<0>>. Ii satisfies

xoy=D~(x,y), x,pEB
5,

(51)
XO~ = + Yo + p(x

1,p1), z,y E a,

where a C g is aBCH-Abeliansubalgebra.Thusthefollowing set CA maybe consid-

eredas adomainof <<o>>

CA:=BBxBBU U axa,
a E T(g)

where T(g) is a set(spectrum)of all BCH-Abclian subalgebrasof g.
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Let us notethat for a givenBCH-product D the correspondencebetweenLie su-

peralgebrasand modifiedLie supcrgroupscorrespondingto CA and <<o>> up to linear
isomorphismsis 1-1 if and only if D is not any Jacobiproduct.

Letus observethat if g is nilpotentthen <<o>> in (51) is well definedfor all x, p E g-

Furthermore,if all elementsof g arenilpotentmatricesandboth D and a domain C
are the samefor a << * >> — and a <<o> — Lie supergroupthenboth thesesupergroupsare
isomorphic(becausethen e’ is injectiveon g).

e) Letus observethat theAbeliangroups (a, Ola), which correspondto BCH-Abc-

hansubalgebrasof g, are simply connected.This suggestssomegeneralizationof the
procedureof thepreviouspointsimilar to thatof point (c); sucha generalization would
allow usto obtain somemodified Lie supergroupsadmitting tori aspartscorresponding

to a E T( g). Thereforelet usdistinguisha subsetF C U a such that

a~T(g)

El. Theintersection F fl a is a discretesubgroupof a foreach a E T(g) -

E2. ‘7ob~BBforeach ‘7ET and bEB
11.

Thenthe quotientset CA and thequotientof <oo’ are well defined. The corre-
spondinggroupoidwill becanedthe toroidalLie supergroup.

In theaboveattempsweformedas Lie supcrgroupssomegroupoidswhich arc similar
to Lie groupsin somedomainsof <<almost Lie>> subalgebras.The otherdirection is to

look for maximaldomainsfor the analyticcontinuationof BCH-products.

5. EXAMPLES

In this sectionwe will point out BCH- and BCH-invertiblesubalgcbrasinmatrix Lie

superalgebras,specialLie superalgebrasof series D( 2, 1, c.~) and in the supcr-Poinearé
algebra.

5.1. Matrix Lie superalgebras

a) RecalllinearLie superalgebrasgl(p, q), cf. (5-6), and assumethat rip and r~q.
Thenwe candistinguishasubalgebrawhoseany matrix x consistsof blocks x~being

r x r triangularmatrices,say uppertriangular. This algebraadmits subalgebrasfor

which the trianglescontainingnon-zeroelementshave s elementsin first rows if

takesplacein the 11~-part of x and t elementsif it takesplacein the Bi -part. Thusthe

matrix x looks like
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-~

r~
1= -~ _~j

(52)

r
~ }s

where correspondsto [ ]
and correspondsto [ cii] ~

Such subalgebrasare well definedif r > s,r > t and r — 2 a ~ t. Wecall them

block-triangularLiesuperaigebrasanddenote tl(p, q; r; .s,t).

Onecanassociatewith equalities(29), (31), (34)non-emptysetsof r, a, t such that
the relevantblock-triangularsubalgebrassatisfytheseequalities.In particularthe fol-

lowing relations

2r—2t—max(s,t)�0,
2r—s—2t�0

determinesuchsubalgebraswhich satisfy (31) and (34) resp. The block-triangularLie

superalgebrasprovideaccurateexamplesfor superbundlesas we will seein the next
secticn.

a) Note that the aforementionedLie superalgebrasl( 1, 1) C gl( I, I) given by

= )> 12 isnilpotentof 2ndorder, i.e. (g,(g,g)) = 0. It is BCH-Abelianandthemap

z= [~c] —>(a—cd,c,d)

is an isomorphismbetweenthe correspondingJacobi-Liesupergroupand R3 resp.
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b) Suhalgebrasof orthosympicticLie supcraJgehrasosp(p,r). Elementsof such

Lie superalgebrasarerepresentedby matricesof type

a 0 0 r p where a = ~ b =

0 b C — , c = ~ d =

d _bt xi and a= —a’, c= c’, d= d’.

As anexampleof BCH-Abclian subalgebraswhen p and r areevenlet us distinguish

thealgebragivenby

1~ —a F b ba=j.. - , b=j - -

La —a [—b —b

d cu i
- -I, x= - - -

d dj x r

In orderto obtainan exampleof a non-BCH-AbelianbutBCH-suhalgcbraif r = 4 s

it sufficesto takeinsteadof c = 0

~= H C2
[C

2 C3

andto put

[.~ 0 - [0 c -
b=i c=I ,i=l 2,3

[0 ~ ‘ [a c,

— ~0 -

d= 0 0 ‘ ~= 0 0

As anexampleof weakBCH subalgebraslet us point out

~

0 0 0 0 0
—± ~i:

~h 0
0 0 0 0 0

0 b

~ —d —b’ 0 ~
0 0 0

—d d 0 ~ ~j;

t ~t

where d= d’.



ON LIE SUP~GROUPSAND SUPERBUNDLES DEFINED 615

c) Subalgebrasof strangeLie superalgebrasof serie P( n) , n ~ 3. Let P0 ( n) =

sl(n) be as a Set and P1(n) = gl(n) ~ a(n), where s(n) and a(n) consistof
symmetricand skew-symmetricmatricesresp.Lie superalgebrasP(n) aredefinedby

the following formulae

:= i0z~ x~3z0,z0,x~E P0(n),

(z,à):rrxa+sx
1r:-_(a,z), sEs(n), (~,a):=~zta_az=:~(a,x),

a E a(n),

(s,a) := .sa =: (a,s), (a,a’) = (s,s’) = 0.

Thenin casen= 2 m subalgebraswhosepartsin P
0 ( n) and P0( n) maybegiven

by

[ a aIml
1—a [ 131,.,, ‘I’M

L~C~Im a j , a — , [_~l.~Th 131,,,

turn out to beBCH-Lie superalgebras.

5.2. A spectrumof all BCH- andBCH-invertible subalgebrasof D( 2, 1, a)

In orderto imaginea Lie supergroupone shouldseea whole spectrumof BCH- and

BCH-invertiblesubalgebrasof the correspondingLie superalgebra.In thecaseof a con-

tragredientLie algebrasucha spectrummay be calculatedby meansof the contragre-

dientdecomposition[13]. Wewill use this methodwhile studyingexceptional(exotic)
continuousseriesof 17-dimensionalLie superalgebrasD( 2, 1, a)

The eontragredientdecompositionof a Lie superalgebrag = D(2, 1, a) may be

describedas follows. Let gm m E Z, besubspacesof g (not subalgebras!)suchthat

~m~oo9m~ (gm,g~)Cgm~~and gm~0 if —4 <m<4.

Letustakeasetof9generatorsofg,namelye
1,f1 Eg1 and e2,e3,f2,f3,h,,h2,h3

E g0 , suchthat

(e~,f,)= 6,1h1, (h1,e,)= a~jej, (e~,f,)=

where

Ola
[a~3-] := —l 2 0 , aER.

—1 0 2
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Thenthe following commutatorsform basesof gm

h,,h
2,h3

e1,e2,e3 g : f1,f2,J3

g
3:(f

1,f2),(f1,f3)

((e1,e2),e3).= e(3) g 2 : ((f1,f2),f3) := f(3)

g
4:(((e

1,e2),e3),e1):=e(4) g
4:(((f

1,f2),f3),f1):=f(4)

Recall that theseries D(2, I , a) may be consideredas a deformationof the or-

thosymplecticalgebraosp(
4, I) = D( 2, 1 — I) whoseevenpartsplits (osp(4, 1) ),~=

so(4) ~ sp(I). Thereforetheunprecedentdecompositionso(4) = so( 3) ~ so(3) is

involved in occurringof Lie superalgebrasD( 2, la) which form theonly continuous
family of simple Lie superalgebras.Thedecompositionso(4) = so(3) ~ so~3) is also

involved in Donaldson’s construction of exotic structures of JR4 see [21).That is why

theLie superalgebrasD( 2, 1, a), a~— I, herearecalledexotic ones.

Let usput

4 0
g:= El3gm,g:= ~

m=O m= 4

anddivide the set of all BCH- and BCH-invertiblesubalgchras~fC g in eight parts

assumingthat f± := fng~satisfy the following conditions(L.s. = Lie superalgcbra,
L.a. = Lie algebra).

a : f = 0 a’ : f~ = 0

13 : f~is evenLie algebra 13’ : f~is evenLie algebra

~:f andfareLs.

8 : f is Z
2-gradedL.a.,f~ is L.s. 8’: f is Z2-gradedL.a,f is L s.

f~andf arc72-gradedL.a.,

In [8] all BCH-invertibleand, in particular,BCH- suhalgebrasof D( 2, 1, c~)was

listed. Below we showa part of BCH-invertibleand BCH-subalgebraswhich belong

to (e) and areof types (—1 .3),(—2 , 3) and (—3,3), i.e. the heighest(smallest)
Z-gradation of its elementsis 3 (—1, —2, —3 rcsp.).
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(— I , 3)

{f1}~k°~{e1,�e3}~{(e1,e2)}~g
3,�=0,l,

k°c {2h
1 — h2,h3},(k° = 0 or {2h1 — +

(k°= 0or {2h3 — +

(—2,3)

{(f~,f2)}~{f1,c1f2}~k°e{C2e2,e3}~{(e1,e3)}~g
3,C

1,2 = 0, l,c1 + C2 ~ 0,
(e1 = 1, e2 = 0) =~a�0, k° C {2h1 — ah3,h2}, e1 = = I =~. D {h2}

~

(k°= 0 or {2h2 — (a+ 2)h2 —

{(f1,f2)}~{cf2}~k° ~{e3}~{( e1, e3)} ~g
3, c and k°are as before

a~0,{(f~,f
2)}~k° ~{e3} ~g

3 , is as before

{(f
1,f~)}~~ Ic°~{e2,c2e3} ~ {(e1,e~)} ~g

3, c
12 = 0,1, e1 + ~ 0,

C {2h1 — h3,h2},c1 = = I =~.k° D {h3}

{(f1,f3)} ~{f1}~i.t° ~{e2}~ {(e1,e2)}~g
3,k° C {2h

2 — h3,h2}, (k° =

{(f1,f3)}~{f1}~k°~{e2ee3}~g
3,�=0,l,k°C{2h

1—h3,h2},

(k°= 0 or {2h1 — h2 — (I + 2a)h3})

{(f~f3)} ~ {cf3} ~ ~ {e2} ~ {(e1,e2)}~ g
3, c and k°are as before

f
1, f3)} ~{e2} ,k is as before

Observean asymmetrycausedby the permutation { 1, 3 , 2 } of indices 1, 2,3.

(53) (—3,3)

g~~k° ~g
3, k°D {h

1 —h2 —ah3}, (k° = {h1 —h2 —ah3} or

{h1 — h2 — ah3,h2 —

~
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a = 0, g3 ~ {e(f
1,f2)} ~ ~ {e3} ~g

3, � and k°arc as before,

a 0, 0~k°: g3 ~{(f
1,f2)}~{�f3}~k° ~{e3}~{(e1,e2)}~g

3, c= 0,1,

1{h
1—h2},

(54) k°~
~{h1 — h2,h3}, =

The remainingalgebrasbelongingto theset (�) may beobtainedby a reflection in

which e~is replacedby f~and g’ by g

comments. (c) Recall that for a = 0 the correspondingLie superalgebrag is not

simple andsemi-simplebecausethenits subspaceI givenby

(55) Iw{f3}~{h3}~{e3}=g

becomesanunsolvableideal. TheBCH-subalgebram1 ,~, ,h2 } see(53), theweak BCH

subalgebra~1{h _h2,h.,}’ see(54), andthe ideal I fulfil a simple relation,namely

- h2} ~I,{h, h2,h,} ~

(cc) The consideredspectrumof BCE-I- and BCH-invcrtihle subalgebrasof

D( 2, 1, a) remainsunalteredin the senseof a setof subspacesof thecorresponding
17-dimensionalspaceif a changesin the set JR — (—1,0). This is not a caseof a

spectrumof all subalgebrasof D( 2, I, a) becausethe subspacc

{h1} ~ {e2,e3} ~ {(e~,e~+ 13e3)} ~ ~ g~,13~()

becomesasubalgebrawhen a = I - Thusthe computedspectraaremore regularwith

respectto a than spacesof all subalgcbrasof D( 2, 1, a).

(ccc) Notethattheabovemethodmaybe insufficient in orderto determineall BCH-

andBCH-invertiblesubalgebrasof non-contragradientLie superalgebraslike P( n) and

Q(rn).

5.3. Subalgebrasof the super-Poincaréalgebra

This algebraadmits decompositionsg = g, ~So ‘Bo = g,~~g, in thesenseof vector

spaces,where~ = {Q1 ,Q2 , Q3, Q4} consistsof generatorsof supersymmetrytrans-

formations,g~= {P1 ‘ P~,P3, P4 } correspondsto space-timeand g~= ,,.J,,
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is theLorentzalgebra.Recallnon-zerocommutationrelationsin the traditional notation
with {., .} for anti-commutators

{Q1,Q3} = P1, {Q1,Q4} = P2, {Q2,Q3} = F3, {Q2,Q~}= F4,

[J1,Q2] = ~1’ ~2~Ql] = ~ 1J2,Q2] = —~-Q2,FJ3,Q~]= Q2,

[J4,Q4]- Q3, [J5,Q31 —~-Q3, 1J5,Q4] = ~1Q4, [J6,Q31-

[J1,P3]=—P1, [J1,P4]=—P2, [J2,P1]=~-P1, 1J~,P2I=~-P2,

[J2,P3] = —~-P~,[J~,P~] = —~-P~,[J~,P~] = F3, EJ3,P21=

[J4,P2] = F1, [J4,P4] = F3, EJ5,P1] = —~-P1, [J5,P2] =

[J5,P3] = _~-P3, [J5,P~] = ~-P4, [J6,P1} = —P2, 1J6,P3]= —F4,

[Ji,J21=—J1, [J1,J3]=—2J2, [J2,J3]=—J3,

[J4,J6]=2J5, [J5,J6]=J6,

Thus commutationrelationsfor thedistinguishedpartsof g look asfollows:

I t1_1~,1 ~ —0
LB1 ,Boi — L~,0,g0 —

For anysubalgebrap = Pt ~ ~ p~C g, (p = g~’fl p), the conditions(31)of being
a BCH- and(34)of being aBCH-invertible Lie superalgebraare resp.

[p1,p~] = 0,

[{p1,p},p~] = 0. -

Theseequalitiesallow usto describeall BCH- andweakBCH subalgebrasof g. The

first onesareautomorphicimagesof

{Q1,Q3}~g~~{J1,J4}, {Q1,Q2,Q3}~ ~{J4}, RI

(hereand below {.} denotesa linear envelope).The weak BCH subalgebrasof the
super-Poincaréalgebrag areg-automorphicto

{Q1,Q3}®g~~{J1,J4,J2 + J5}.
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6. SUPERBUNDLESFORMED BY MEANS OF THE BCH-FORMULA

The main two points in which Lie supergroupsfrom Sec. 4 diff’er from ordinary Lie

groupsare the absenceof an explicitely defined global structure of such supergroups

andfailing of groupaxioms by their group-likeoperation:particularly non-associativity

in some domains. Both these discrepancies cause some obstructions when we try to

construct some superbundlesrelevantto said supergroupsneverthelesstheydo notmake

suchconstructionsimpossible.

Observe that additional relations should be assumedin orderto define cocyclestak-

ing valuesin a supcrgroupandan equivalencerelation betweenthem. Thai is so be-

causeif M is a basespacewith a covering (U,,), ~ is a Lie supergroupadmitting

a Lie superalgebrag and (c,,~(x))are ç-cocycles of functions : ~—‘

U~:= U~fl U
4, then setsof admissiblevaluesof c,,4(x) may dependon x, ~,

Therefore a C~-or C~’-fibrebundle P —* M having as fibres Lie supergroups

V (in anysenseof Sec. 4) will be used as a domain of regardedcocyclcs. We call

p structural Lie supergroups. Let p1 be Lie superalgebrasof’ P~- We assumethat

p1 aresubalgebrasof a Lie superalgcbrag called a stmcturil Lie .cuperalgehra.Below

we describeseparatelythrcecaseswhen thesubalgcbrasp1 are BCH-, weak BCH and
non-BCH-invertibleLie superalgebras.

I. The subalgebrac p1 are BC’H-Lie supera.Igebrac.Assumethat ~ is a Jacobi-Lie

or a generalized Jacobi-Liesupergroup.ln thiseasethedefinitionof a V-cocyclc (c~4)

is as in geometryof fibre bundles,namely

(56) * C4.7 = on U,,4.7, c~4* c4~= id on U~, c~>4(i) E ~

Thedefinition of equivalent‘P-cocyclcs is also standard

(57) (c~4) (c~4)~ (c~4)= ,s~* c,,4 * s~on U~4,s~(x) E V1 for x E U,,

If V is of C~-elassand V1 are isomorphic to a Lie group P, whosea maxi-

mal compactsubgroupis K, then (c,,4) is C°°-equivalentto a cocycleof a principal

K-bundle over M in consequenceof theSteenrodtheorcm. cf. 201, 71, 1111- Note
that K is a subgroupof Lie group P0, whoseLie algebrais isomorphicto q~fl p~,
whereg is a structuralLie superalgebra.

Let usmakearemarkthat if p1 areBCH-Abelianthensetsoflocal sectionsdeiemiin•-

ing highercohomologiesof Cecharewell definedbemeansof standardcohomological

formulaefor sectionsof V -

II. The subalgchras p1 are weak BGH. Let g be astandardLie supergroupor one

of its extensions.In thepresentcaseP-eoeyclesarealsodefinedby meansof formula

(56); however,thesystemof equationsdeterminedin the presentcaseby this formula is

different from sucha systemin thepreviouscase.This is so becausettic presentsvstcnl
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includesequationscomingfrom associativityof superpositionof transitionfunctionson
intersectionsof more then threecoveringsets. In thecaseof intersectionsof four sets

wehave

(58) * (c~1* c.~)= (c~* c~)* c~ on

Let usobservethat thealgebraicformulaof systemsofequationsfor c~is thesame
inbothcasesaswell asfor groupvaluedcocyclesif

(59) ~ = 0 for all c~,13,’~y,&

In order to defineequivalentcocyclesin this point let us introducea subbundle

Q C 1~whosefibres Q1 are Lie supergroupshaving Lie superalgebrasq1 and then
makeof Q a domainfor local sectionss,,. Thefibres Q~will becalledgmupsoflocal

isomorphisms.Therelationof equivalenceobtainedin this way is

(60) (cd) “.~ (c~).~c’~= (a,~* c~) * s~, c~(x)E ‘Pr, XE U~,

aa(x) E Q1, XE U~.

Theresultingsetsof ~transitionfunctions>> (c’~)for all sectionsa,~arecocyclesif

areBCH-Lie superalgebrasand for all a,s1 E ~ and g,9i E ‘P~it is

(61) * a~)*(a * 9i) = g * g~, (a * g) *(g_1 * a1) = a * a1,

(a*g)*g1=a*(g*g1), (g*a)*a1=g*(s*a1).

The aboveequationsfollow from moresimpleones

(62) (a*g) *g~= a*(g*g1),(g*a) *91 = g*(a*g1),(g*g1) *s = g*(g1 *a)

beinga consequenceof the following equalities

(63) (p~,1,(p~,q,~,1))= (p~,1,(~~,p~,1))=

If p~,q~areblock-triangularmatriceswith parametersr, a,t and r, a’, t’ rcsp.,see

(52), then theabovesystemof equationsis equivalentto

(64) 2r—max(2a+a’,a+t+a’,2a+t)�0

andtheconditionsof BCH-invertibility are

(65) 2r—t—2s�0, 2r—3t<0.
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If p1 are isomorphicto the super-Poincaréalgebrathen relations (61) imply that

Theequivalenceclassesof V-cocyclesdefinedby (60)will becalled (V — Q) -coey-

c/es. We pointout classesof equivalentfibre bundleswhich correspondto (V —

cocyclesin a similar way as classesof principal bundlescorrespondto classesof group

valuedcocycles.

Let (c,,4) be a 2-cocycle representinga (V — Q)-cocycle c,,41 and

—f U~ be fibre bundlesof thesameclassas ~ and V andsuchthat x,, 1 x)
aresubsetsof V1 and the following compatibilityconditionshold

(66) := {c,,4(x) * a~ a~ E B~, x e U,,4).

The desiredfibre bundlemaybedefinedas a quotientof disjoint sum of fl~ by the

following relation

(67) a~ a~
4~~ a~= e,,

4(x) * ~ where a~ E , a~
4-’E

Theresulting fibre bundlesmay be understoodassuperbundles.
Onecanquickly provethat equivalentP-cocycles determineequivalentfibre bun-

dles in usualsenseif the family of bundles ~ is fixed. This is a consequenceof (60)
and (61).

Letus alsonotethat if fibre bundlesV and B~ arelocally trivial then theobtained

superbundles are locally trivial too.

A passing to the inductive limit in the set of (V — Q)-cocycles over M related

-to all admissiblecoveringsin donein thesameway as it is in the caseof groupvalued

cocycles. The resulting objects may be considered as some first (~echcohomologies
in certain local groupoids. Let us recall that the non-associaliviiy of V

1 may imply

equationsof <constraints> like (58) if we change a covering.

III. The subalgebrasp1 are not BcH-invertible. In this caseonly a part of relations

(56)and(60) may be consideredsimultaneously.We distinguishtheni by meansof an

order ~ in thesetI of indices a of coveringsets U~.Let us assumethat

01) a -< /3 +~. (cn~/3 and ~ 0),

02) cc -~ /3 =+ (/3 -‘~ cc is not true ,

03) (cc ~ /3, /3 ‘~ and U,,4~0) => a —.

Such an order may be establishedby meansof a linearorder < in I if we put

a -~ /3 +~(cv < /3 and U~,S0)~
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structuralLie Lie supergroup groupsof local
supergroups having structural isomorphisms

p~ arenon-BCH-invertible Pz areweakBCH p~ areBCH-group

— Lie supergrouphavingnon BCH invertibleLie superalgebra

- Lie supergrouphavingweakBCH Lie superalgebra

— Lie group
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In the presentcaserelationsof cocyclesand of their equivalencesare given by (56)

with additionalcondition a -~ /3 -~ ‘y and by (60) with a -.~ /3 and exchangeof 341

by ~a~1where rs~I* .s
4 = id on U4.

The formulae (61-64)do not require otherschangesand their implications remain

unaltered.However(65) mustbe replacedwith 2 r — t — 2 s < 0 since p1 are not

BCH-invertible.
In this casesuperbundlesand theirequivalencymaybe definedby meansof (66-67)

togetherwith a -~ /3.

The correspondinglocal (techcohomologiesirrelevant to particularcoveringsalso

requiredealingwith theorders —~ >> while passingto the inductive limit.

The relationsbetweenstructuralgroups,groupsof local isomorphismsand basespa-
cessatisfying(59) in non-groupcasesare illustrated by the abovefigure.

7. WHAT IS A FIRST SUPER CHERN CLASS?

Assumethat g admits a decompositioninto directsum of vectorspaces

(68) g= a~j, dim a= k

in which a is a BCH-Abelian subalgebra of g and j is an idealof g
Thenthe projection

on
g —~ I

is ahomomorphism.

Recall that thereare many semi-simpleLie superalgebrasadmittingdecomposition

(68). This is acasewhen a is odd-commutative,i.e. a= a1 andits bracketis ()-foml,

is semi-simpleand (j, a~= 0 [13, 131. Anotherexampleof this decompositionoccurs
if we consider D(2, 1, 0) and put a = {e3 } on {f3 }, = 1, where I is the ideal
definedin (55).

Let ~ be a standardLie supergroupcorrespondingto theLie superalgebrag which

hold (68) and let A c ~ be a local abelian groupwhich is the a-part of ~. Then the

map ~‘e : ~‘ —IA givenby

~( e
1 ) :=

is a homomorphismby virtue of (44). For any manifold M the honioniorphism ~
determines the map ~e of the sd of g-cocycles on M at the setof’ A-cocycles on
M. In a similar wayonedefinesmaps ~d betweensetsof a g-eocyclesand setsof
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.4-cocycleswhen ~ isa modified or atoroidal Lie supergroupcorrespondingto g and
A c g is the a-part of c (for definitionsof thesaid supergroupsseepointsd ande in
Sec.4).

If g isa modifiedLie supergroupand M is aparacompactC°°-manifoldtheneach

A-cocycle is Cm-equivalentto 0 -cocycle. In orderto havenon-zero C~-classes~f
A-cocycles assumethefollowing decomposition

a= a’ ~ ii, (a’,j) = 0, dim at’2 = k
12, Ic1 > 0

andconsideratoroidal Lie supergroupc, whose a-part is given by

A~RkI ~
/L~,

where Lk denotesa lattice of a k1 -torus. Thenthereis a simple 1-1 correspondence

U(l)x...xU(l)betweenA-cocycles and k -cocycles. Furthermore,if Q-cocycles

are equivalentin thesenseof any defiz’tition from theprevioussectionthen theirimages

by ~jd areequivalent A-cocycles.

Let us observethat in the casewhere g = u(n),j = .su(n), L1 is given by the
naturalperiodof exponentand g-cocyclescorrespondto U( n) -bundleswe canobtain

thefirst Chernclassof U( n) -bundlesin this way.
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